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Use of a laser beam with an oblique angle
of incidence to measure the reduced scattering
coefficient of a turbid medium
Lihong Wang and Steven L. Jacques
A simple and quick approach is used to measure the reduced scattering coefficient 1µs82 of a semi-infinite
turbid medium having a much smaller absorption coefficient than µs8. A laser beam with an oblique
angle of incidence to the medium causes the center of the diffuse reflectance that is several transport
mean-free paths away from the incident point to shift away from the point of incidence by an amount
Dx. This amount is used to compute µs8 by µs8 5 sin1ai2@1nDx2, where n is the refractive index of the turbid
medium divided by that of the incident medium and ai is the angle of incidencemeasured from the surface
normal. For a turbid medium having an absorption coefficient comparable with µs8, a revision to the
above formula is made. This method is tested theoretically by Monte Carlo simulations and experimen-
tally by a video reflectometer.
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In both diagnostic and therapeutic applications of
light in medicine, it is important to evaluate optical
properties of tissues, including the absorption coeffi-
cient 1µa2 and the reduced scattering coefficient
3µs8 5 µs11 2 g24, where µs is the scattering coefficient
and g is the anisotropy factor of scattering. The
optical properties can be used to diagnose diseases, to
measure tissue metabolic status, or to determine the
dosimetry in therapeutic applications of lasers.
Measuring optical properties of tissues in vitro can be
accomplished by use of several techniques, of which
the integrating sphere measurement is the most
common.1 Measuring optical properties of tissues in
vivo is still a challenge.
Wilson et al.2 used an optical fiber bundle and
Jacques et al.3 used a video reflectometer to measure
diffuse reflectance of tissues in vivo. Diffusion theory
has been used to compute diffuse reflectance to
deduce optical properties. Diffusion theory is valid
for an infinitely narrow laser beam and for observa-
tion points far from the light source, but a laser beam
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2362 APPLIED OPTICS @ Vol. 34, No. 13 @ 1 May 1995of a finite size is used for the measurement of diffuse
reflectance. Therefore, diffusion theory is only ap-
proximately correct. Another method presented by
Patterson et al.4 uses the falling tail of time-resolved
diffuse reflectance to deduce tissue optical properties,
but this method requires expensive instrumentation.
Here we introduce a simplemethod that deduces µs8
very quickly and is independent of the laser beam size
if the laser beam has a predefined mirror symmetry
and the size of the beam is smaller than the distance
between the observation points and the center of the
laser beam. For example, a circular flat beam or a
circular Gaussian beam has an elliptic spot on the
medium surface when the beam is incident at an
oblique angle. The mirror symmetry of this elliptic
spot about its short axis permits the application of
this method to the measurement of µs8.
2. Methods and Materials
A. Hypothesis
For a semi-infinite tissue whose µa 9 µs8, a narrow
laser beam with normal incidence can be approxi-
mately represented by a buried isotropic point source,
as shown in Fig. 11a2.5–7 The laser beam’s diffuse
reflectance that is several transport mean-free paths
away from the incident point is well approximated by
that of such an isotropic point source. The point
source is one scattering mean-free path, 1@µs8, below
the tissue surface, which is approximately equal to
one transport mean-free path, 1@1µa 1 µs82, because
µa 9 µs8. For a semi-infinite turbid medium with
optical properties µa 5 0.1 cm21, µs 5 100 cm21, and
g 5 0.9, the relative error in diffuse reflectance
between the diffusion theory and the Monte Carlo
simulation is ,15% at x 5 0.1 cm and ,10% for x .
0.2 cm.6 The Monte Carlo simulated results were
considered accurate and were used as the standard to
evaluate the accuracy of the diffusion theory.
Similarly, a laser beam with oblique incidence can
be approximated by an isotropic point source that is
1@µs8 away from the laser point of incidence along the
unscattered-light transmission path, which is usually
refracted away from the original incident direction
3Fig. 11b24. As a result, the isotropic point source is
horizontally shifted away from the point of incidence
by
Dx 5 sin1at2@µs8 5 sin1ai2@1nµs82, 112
where ai and at are the angles of incidence and
transmission, respectively, and n is the refractive
index of the tissue divided by that of the ambient
medium. If the oblique laser beam’s diffuse reflec-
tance that is several transport mean-free paths away
from the incident point can be approximated by that
of the isotropic point source, then the center of this
diffuse reflectance will be shifted from the point of
incidence by the same amount Dx. The following
subsections describe the testing and revision of Eq. 112
for a better accuracy when µa 9 µs8 does not hold.
B. Monte Carlo Simulations and Video Reflectometer
To test Eq. 112 theoretically, we used Monte Carlo
modeling8 to simulate the diffuse reflectance for a
Fig. 1. Lumped isotropic point sources for a laser beam of 1a2
normal incidence 1ai 5 02, 1b2 oblique incidence 1ai . 0°2. A coordi-
nate system was set up in which the y axis pointed outward from
the paper.laser beam with various angles of incidence to a
semi-infinite turbid medium of various optical proper-
ties. The number of photon packets used for the
simulations ranged between 500,000 and 5,000,000,
depending on the incident angle and optical proper-
ties, such that the computational time for each simu-
lation on a Sun SPARCstation 10 computer did not
exceed 24 h. The center line of the diffuse reflec-
tance as a function of x was obtained from the
reflectance curve, where the center line consisted of
midpoints between the left and right sides of the
diffuse reflectance for each reflectance value. The
spatial difference between the vertical portion of the
center line and the incident point yielded the shift Dx.
The shift values as a function of the incident angles
and optical properties were used to compare with Eq.
112.
To test Eq. 112 experimentally, we used a video
reflectometer3 to measure the diffuse reflectance from
a tissue-simulating turbid medium 1Fig. 22. Light
from a He–Ne laser 1output, 5 mW; wavelength, 632.8
nm2 was directed to the medium surface at ai 5 49°.
The 8-bit video CCD camera measured the diffuse
reflectance, and the computer collected and then
analyzed the CCD image. The dynamic range of the
CCD is limited to 255 and is further reduced by the
consideration of a good signal-to-noise ratio. There-
fore, two images with different intensities of the laser
beamwere taken to measure the diffuse reflectance in
a wider surface area. Then the diffuse reflectance
was analyzed to test Eq. 112.
A proof in Appendix A shows that shift Dx is
independent of the size of the laser beam if the laser
spot on the medium surface has a mirror symmetry
about the y axis in Fig. 1. Of course, the size of the
beam should be smaller than the distance between
the observation points and the center of the laser
beam because the analysis in the hypothesis is valid
only for the observation points that are several trans-
port mean-free paths away from the light source.
The laser beam for this experiment had an elliptic
shape on the surface of the turbid medium and hence
Fig. 2. Schematic of the video reflectometer.
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had a mirror symmetry about the y axis. Therefore
this independence validates the above experiment
with a laser beam of a finite size instead of an ideal
laser beam of an infinitely small size.
C. Materials
The tissue-simulating turbid medium consisted of
de-ionized water mixed with minimally scattering
Trypan blue dye as the absorbers and minimally
absorbing polystyrene spheres 1diameter, 579 6 21
nm2 as the scatterers. The µa of the original dye and
the µs of the original sphere solution were measured
by use of collimated transmission,9 and the g of the
spheres was computed by use of Mie theory based on
the diameter of the spheres and the refractive indices
of the spheres 11.562 and of the water 11.332. Then the
optical properties of the mixed turbid medium were
computed according to the volume concentrations of
the two original components in the mixture. The
optical properties of the turbid medium for this
experiment were n 5 1.33, µa 5 0.25 cm21, µs 5 20
cm21, and g 5 0.853. The reduced scattering coeffi-
cient was computed to be µs8 5 2.94 cm21.
3. Results
Figure 3 shows the diffuse reflectance computed with
the Monte Carlo model. The optical properties of
the turbid medium used in the simulation were
chosen to be those of the tissue-simulating turbid
medium used in the experiment. The shift based on
the vertical portion of curve C was Dx 5 0.174 6
0.009 cm, and the shift based on Eq. 112 and the
optical properties was Dx 5 0.181 cm. The standard
error of the shift computed with the Monte Carlo
model was caused by the statistical nature of Monte
Carlo simulations. The two values of the shift were
in agreement, but the accuracy of Eq. 112 can be
improved based on more Monte Carlo simulations, as
shown below.
Fig. 3. Curve M is the Monte Carlo simulated diffuse reflectance
of a 1-W laser beam incident to a turbid medium with ai 5 45°, and
curve C is the center line of curve M, i.e., the midpoint of the left
and right sides of curve M for specific reflectance values. The
optical properties of the turbid medium were n 5 1.33, µa 5 0.25
cm21, µs 5 20 cm21, and g 5 0.853.
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of the Monte Carlo simulations for various µs values
of the turbid media. The dashed curve is based on
Eq. 112 and deviates from the Monte Carlo simulated
data for small µs8 values. The deviation was consid-
ered to be caused by the increased effect of µa for
decreased µs8 and can be reduced by the addition of
the weighted µa to µs8. From this consideration, the
Fig. 4. Symbols with error bars are Monte Carlo simulated Dx for
different 1a2 µs, 1b2 µa, 1c2 angles of incidence ai. The dashed and
solid curves were computed by use of Eqs. 112 and 122, respective-
ly. The parameters for 1a2–1c2 are listed in the text.
computed shift values were found to be fit the best by
Dx 5 sin1ai2@3n1µs8 1 0.35µa24, 122
where ai 5 45°, n 5 1.33, µa 5 0.25 cm21, µs8 5
µs11 2 0.8532, and term 0.35µa was introduced to
minimize the fitting error. Least-squares fitting was
used to determine the coefficient in front of the µa in
Eq. 122; the fitting correlation coefficient between the
raw data and Eq. 122was 0.999.
Figure 41b2 shows the shift values computed by use
of the Monte Carlo simulations for various µa values
of the turbid media, where ai 5 45°, n 5 1.33, µs8 5 20
cm21 3 11 2 0.8532 5 2.94 cm21. Equation 112 fits the
data points with low µa values and deviates from
those with high µa values, whereas Eq. 122 fits the raw
data very well.
Figure 41c2 shows the shift values computed by use
of the Monte Carlo simulations for various incident
angles ai. Both Eqs. 112 and 122 fit the raw data well
because µa 9 µs8 in this case, where n 5 1.33, µa 5
0.25 cm21, µs8 5 20 cm21 3 11 2 0.8532 5 2.94 cm21.
Figure 5 shows the experimental results obtained
with the video reflectometer described in Fig. 2.
Because the laser beam was oblique to the surface the
reflectance pattern was asymmetrical near the point
of incidence, but the diffuse reflectance far from the
source formed concentric circles 3Figs. 51a2 and 51b24.
Selecting the reflectance values along the x axis of
each image, e.g., along the horizontal line crossing
from A to B in Fig. 51a2, and replacing the saturated
center portion of Fig. 51a2 with the corresponding
portion in Fig. 51b2 compensated by the attenuation
factor, we plotted the diffuse reflectance as a function
of x in Fig. 51c2. The peak reflectance occurred at the
center of the incident laser beam and defined the
origin of the x axis in Fig. 51c2. The circular periphery
that is several transport mean-free paths away from
the incident point defined an apparent center 3Figs.
51a2 and 51b24 that was offset from the origin by Dx and
yielded a vertical center line 3Fig. 51c24 that shared the
same physical meaning with the apparent center.
The experimental shift Dx in Fig. 51c2 was 0.172 6
0.003 cm. From Eq. 122 the theoretical shift value
was computed to be 0.187 cm, where ai 5 49°, n 5
1.33, µa 5 0.25 cm21, and µs8 5 2.94 cm21. The
relative error between the experimental and theoreti-
cal shift values was 8%.
4. Conclusions and Discussion
Equation 122 is a refined version of Eq. 112 and reduces
to Eq. 112 when µa 9 µs8. Equation 112 is valid only
when µa 9 µs8, whereas Eq. 122 is valid even when µa
is comparable with µs8. The computed shift value in
Fig. 3 was 0.176 cm when based on Eq. 122 instead of
0.181 cm when based on Eq. 112, and the value of
0.176 cm was in better agreement with the shift value
0.174 6 0.009 cm computed with the Monte Carlo
simulations.
Equation 122 fits the Monte Carlo simulation re-
sults in Fig. 4 very well for different optical properties
and incident angles and agreed with the video reflec-
tometry measurement with an 8% error. The experi-ment used an 8-bit CCD camera, and two measure-
ments with and without the attenuation of the laser
source intensity were required. The neutral-density
filter may shift the center of the laser beam slightly.
The difference between the theoretical and experimen-
tal shift values was 0.015 cm, which was only 1.8
pixels on the CCD camera because the resolution in
the setup was 8.5 3 1023 cm@pixel. Therefore the
accuracy of the experiment was limited by the resolu-
tion and the dynamic range of the camera.
When µa9 µs8, e.g., µa 5 0.1 cm21 and µs8 5 10 cm21
1which are typical for biological tissues at visible
wavelengths102, Eq. 122 is reduced to the simpler Eq. 112.
Because ai and n are known, Eq. 112 suggests that if we
measure the diffuse reflectance of a laser beam with
oblique incidence and compute Dx, then we can calcu-
late µs8 by using
µs8 5 sin1ai2@1nDx2. 132
Equation 192 provides a simple approach for measur-
ing the reduced scattering coefficient that can be
Fig. 5. 1a2, 1b2 CCD video images of a diffuse reflectance pattern
from a turbid medium with the same optical properties as those in
Fig. 3; 1c2 diffuse reflectance along the x axis. The resolution of the
images was 8.5 3 1023 cm@pixel; 1a2 is the video image without
laser beam attenuation 1the center of the image was saturated on
the CCD camera2 and 1b2 is the video image with a 3.3-fold
attenuation by a filter to measure the saturated center portion of
1a2.
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applied to biological tissues for diagnosis of disease in
clinical settings.
When µa is comparable with µs8, then µs8 cannot be
solved from the measurement of Dx independently.
Another technique may be used in combination with
this method to determine both µa and µs8. For ex-
ample, the falling tail of time-resolved diffuse reflec-
tance can be used to determine µa.4 In summary, the
validity of this approach that is used to measure
reduced scattering coefficients of turbid media was
theoretically and experimentally tested. The ap-
proach is straightforward and quick, thus having
potential for clinical applications.
Appendix A
Here we present a mathematical proof that shows
that the shift value is independent of the size of the
incident laser beam if the beam has a mirror symme-
try about the y axis 1Fig. 12 and if the size of the laser
beam is smaller than the distance between the obser-
vation points and the incident point. Assuming that
an infinitely narrow laser beam’s diffuse reflectance
that is several transport mean-free paths away from
the incident point, G1x, y2, has a mirror symmetry
about x 5 Dx 1Fig. 12, i.e., G1Dx 2 x, y2 5 G1Dx 1 x, y2,
we find that if a laser beam of a finite size with an
intensity profile S1x, y2 has a mirror symmetry about
the y axis, i.e., S12x, y2 5 S1x, y2, then this finite-size
laser beam’s diffuse reflectance that is several trans-
port mean-free paths away from the incident point,
R1x, y2, will also have amirror symmetry about x5 Dx.
Because the turbid medium is semi-infinite, R1x, y2
can be expressed with a convolution,11
R1x, y2 5 e
2‘
1‘ e
2‘
1‘
S1x8, y82G1x 2 x8, y 2 y82dx8dy8,
1A12
and we obtain
R1Dx 2 x, y2 5 e
2‘
1‘ e
2‘
1‘
S1x8, y82
3 G1Dx 2 x 2 x8, y 2 y2dx8dy8,
5 e
2‘
1‘ e
2‘
1‘
S1x8, y82
3 G1Dx 1 x 1 x8, y 2 y2dx8dy8,
5 e
1‘
2‘ e
2‘
1‘
S12x8, y82
3 G1Dx 1 x 2 x8, y 2 y2d12x82dy8,
5 e
2‘
1‘ e
2‘
1‘
S1x8, y82
3 G1Dx 1 x 2 x8, y 2 y2dx8dy8,
5 R1Dx 1 x, y2, 1A22
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about x 5 Dx.
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